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The Unreasonable Effectiveness of Mathematics in the Natural Science
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— Eugene Wigner

"The miracle of the appropriateness of the language of
mathematics for the formulation of the laws of physics
is a wonderful gift which we neither understand nor deserve."
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1. Deep Learning*

o SIS EAHE 2 Y1, AIMO| Bl VHHE

e Blackbox

— interpretability |
— Generalization X

2. Symbolic Regression

o B4 TEN 21 G0| ZLO| OfF 4513 FHEARIR| O

T = o™l -

— interpretability 1
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— scale exponentially with # of input variables & operator

*context: Even if we impose strong inductive biases on the models to improve generalization,
the learned parts of networks typically are linear piece-wise approximations which extrapolate linearly

(if using ReLU)



Goal of the Study
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Inductive biased DL model

A framework that combines the power of
deep learning with symbolic regression
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Framework Idea
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Suggested Framework

Step 1. Deep Learning
Apply strong inductive biases to DL model (here, GNN)

— encourage the learning of sparse latent representations
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Step 2. Symbolic Regression

learned modelQ| internal parts (NN)Ol| 7HE4 2= SR A&
Extracts explicit physical equations
— interpretability 1
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Frame work |2t — 3 Case studies



e Recover the injected closed form physical laws for
Newtonian and Hamiltonian examples

e Derive a new interpretable closed-form analytical
expression that can be useful in astrophysic



Framework Detail

Step 1. Inductive Bias &4 Step 2. End-to-End st&
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Step 1. Inductive Bias 44|
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Analogy to

Newtonian Mechanics
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interacting particles (i, j)

Compute force Fj
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Step 1. Inductive Bias 44|
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Pairs of nodes Tioo interacting particles (i, 7)

Edge model (¢°) Compute force Fi;

Encourage e - ** P ” Y ” ‘\ Messages (e;f')

sparsity

IZAF=2| pairwise 2AIS B3
eij = Pe(vi,v;)



Step 1. Inductive Bias 44|

Edge model(¢de) 2| Z2}zk.
1242 HIE{0|H, Element-wise Sum 75

Encourage
sparsity

Sum aggreagtion
Messages (| ef,f)

Pool Sum into net force Fres ;

Cloncatenate with node
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Step 1. Inductive Bias 44|

Concatenate with node
Node model (") Acceleration a; = Freq i/

Updated nodes Compute next timestep
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e Node model (¢v):
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Step 2. End-to-End et

L1 EE= KL ietE 1Ak H0[E S Y 7Hset 2{ab S|4 23 (Sparse Representation) 22 st&
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Step 2. End-to-End et&
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Step 2. End-to-End et

The Z2at S0 o

"MAY| LY HEHE (Edge, Node model) 7} )
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- Total Loss Function

L = Lv + oq[,e + a2Ln

L, : Prediction Loss (MAE)

L
L,: Weight Decay
- D0 ZH XS A|0fol= LA TS A| 4]

: Message Regularization (L1, KL, Bottleneck...

)




Step 2. End-to-End &
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Sparsify: How & Why

(Edge, Node model) 7} SH»

L. : Message Regularization (L1, KL, Bottleneck... )

L,: Weight Decay
- D0 ZH XS A|0fol= YA THSA| 4]

@® Occam’s Razor: science always prefers
the simpler model or representation
of two which give similar accuracy




Step 2. End-to-End &
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Sparsify: How & Why
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L. : Message Regularization (L1, KL, Bottleneck... )
L,: Weight Decay
- D0 ZH XS A|0fol= YA THSA| 4]

@ Representations2| st S54:

If a system is perfectly described by
messages in a compact space,

Learned GNN messages become
mathematical rotations of the true vectors.




Step 2. End-to-End et
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Step 3. Symbolic Regression
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¢ Fit compact closed-form analytical expressions
to de, dv (independently) by eureqa package

o Euregacs 94 L12|ZSOE [ HH RoH2 EMM
o AME operators: +, —, X, /,),(,”, exp, log, IF(-, -, *)
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o SRE CH=FA] oA B ZIOH Al252

=2 RAM L = (function) E2] — ZF NNOICE symbolic regression

* closed-form
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Step 3. Symbolic Regression

=

¢ Fit compact closed-form analytical expressions
to de, dv (independently) by eureqa package

o Euregas 94 L12|Z0 2 (42 B RFH2 B

o AME operators: +, —, X, /,),(,”, exp, log, IF(-, -, *)
o SRZ C{2FA £AI SEYf 2tOMH A|4+E2 H|O|E{ O|ElO 2 &2

Sh&El BEIOA LHE 2= (function) 2] — ZF NNOFCt symbolic regression

Legend

O Data Vector
O Latent Vector

- Neural Network (MLP)

Latent Vector&
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Case studies - Newtonian dynamics

Dataset

Validate by fitting to
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Graph Network:
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Linear combination of forces

1~ 1.36Ay+0.60Az—

Record l
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Sorted by largest standard deviation —»

Alternatively, use symbolic
regression to extract
unknown force:

which we can see is a rotation of the
true force:

—(r —1)7

Force =
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Elz|= acceleration2
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Case studies - Newtonian dynamics
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Case studies - Newtonian dynamics

Message Regularization during Model Training

e Standard:
H|2F 0] 1007HS]| HIAIR| d2S 25 AMESH= LEFQI GNN

o 11X H|2F (Bottleneck):

HIA|R| HIS 22| 2H2 (2DH 2212, 3DH 3212d) 1} £ZH0| A|5t
o Z=SHA A2k (L1):

00 Z-40j| L1 &4 7} — 2 & 2+ 2{0] 0=| 1
o M |2 (KL Divergence):
IR AR s 7|2 MES BE AAEEEARIEEE 43
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(@)

, 1~2709| 2+l 4E.

Sim. Standard Bottleneck | L, KL
Charge-2 0.016 0.947 0.004 |0.185
Charge-3 0.013 0.980 0.002 |0.425
',*'__l -2 0.000 1.000 1.000 |0.796
7‘__1-3 0.000 1.000 1.000 |0.332
r—2.2 0.004 0.993 0.990 |[0.770
r—2-3 0.002 0.994 0977 10.214
Spring-2 0.032 1.000 1.000 |0.883
Spring-3 0.036 0.995 1.000 [0.214
Sim. Standard Bottleneck| L KL FlatHGN
Charge-2 49 50 52 60 55
Charge-3 1.2 0.99 094 |42 3.5
Damped-2 0.30 0.33 030 |15 0.35
Damped-3 0.41 0.45 040 |33 0.47
Disc.-2 0.064 0.074 0.044 | 1.8 0.075
Disc.-3 0.20 0.18 013 |42 0.14
r—1.2 0.077 0.069 0.079 |35 0.05
r—1.3 0.051 0.050 0.055 |35 0.017
r=22 1.6 1.6 1.2 9.3 L.3
r2-3 4.0 3.6 34 |98 2.5
Spring-2 0.047 0.046 0.045 | 1.7 0.016
Spring-3 0.11 0.11 0.090 | 3.8 0.010




Case studies — Dark matter halos

Problem Definition

o H{H: 250l= 2 2O|R|TH 2 EF= 7RI Y
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o ZH Y (9): 5 XG0 &= =20| Eofrt

Py OIE=| |:|=|_JI&_ (M r, V) :L7\|°q01 o] I8 oFEOlZlEF’ _<|D_|;(|

M- =2

=2 (Dark Matter)0| 2.
E'—I% 4.
wHHSEA| 224 =2| (overdensity) 2 0|
=g (o)1=

Why GNN?
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Case studies — Dark matter halos

Test Formula Summed Component < 5:—6; ) Zopd Ko F214 22|/2lel=
= AR 28t
- Constant 0; = (4 N/A 0.421
= : Iy 20

© Simple 0; = C1 4 (Cy + M;C3)e; &= < M, 0.121

. o Ca+ Vz'_vj‘
% Best, without mass Cl + m € = Zj#q; Cs+(Co|ri—r ‘)(;7 0.120 23|S0 RItHLCH
Z. . Ca+1M; L} 242 71|

Best, with mass 0, = C1 + (2+(,%M e; Zj#t o +(06|[r1_r?‘ 0.0882 O Foft 6|22 721 fomula

“a,
.,y
.y
v,y
"
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Conclusion: Summary of Contributions
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2. GNN2} Symbolic Regression2| Zg} (Factorization)

o =HE RAOILHE etr0liA SRE Soll BAIKCl =4S =E5=7 " HAl

o GNNL| HA|AQI Substructure — L&A1 AMAUELCE EM M| 2ist s Mut SA 20| 75
3. 24| ufstH T7d0 2o =tdd AUS

o Lt AlE2]|0|4S HO{, Dark Matter A& 2017 |2 SAIS S7ot= Mz 4 & A
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